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Abstract. We compute the bi-free max-convolution which is the 
operation on bi-variate distribution functions corresponding to the 
max-operation with respect to the spectral order on bi-free bi¬ 
partite two-faced pairs of hernritian non-commutative random vari¬ 
ables. With the corresponding definitions of bi-free max-stable and 
max-infinitely-divisible laws their determination becomes in this 
way a classical analysis question. 


0. Introduction 

The definition and classification of free max-stable laws in [2] had 
been an unexpected addition to the list of free probability analogues 
to classical probability items. Here we take the first step in a similar 
direction in bi-free probability [9], We show that there is a simple 
formula for computing the bi-free extremal convolution of probability 
measures in the plane. This corresponds to computing the distribution 
of (a V c, b V d), where (a, b ) and (c, d) are two bi-free two-faced pairs of 
commuting hernritian operators. Like the free extremal convolution on 
M defined in |2j, the bi-free extremal convolution in the plane reduces 
the question of bi-free max-stable laws in the plane to an analysis 
problem in the classical context which we won’t pursue here. 
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The derivation of the formula for the extremal bi-free convolution 
relies on the partial bi-free .R-transform we found in hbj. Obviously 
our result here complements the recent work on operations on bi-free 
bi-partite hermitian two-faced pairs (im 0 , 0 , mi, 0 ), 

The present paper has three more sections besides the introduc¬ 
tion. Section one contains preliminaries. Section two derives the main 
technical result, the bi-free extremal convolution for the distributions 
of hermitian bi-partite pairs in the case the variables are projections. 
The third section gives the formula for the extremal bi-free convolution 
in the general case of hermitian variables and the definitions of bi-free 
max-stable and max-infinitely-divisible laws. 

1. Preliminaries 

1.1. Throughout the preliminaries (M, r) will denote a Im¬ 
probability space, that is M is a von Neumann algebra and r a normal 
state. If A is a (7*-algebra by Proj(H) we shall denote the hermitian 
projections P = P* = P 2 G A. If A = N a von Neumann algebra and 
P,Q G Proj(iV) by P V Q and P A Q we denote the least projection 
> both P and Q and, respectively, the largest projection < both P 
and Q. If P is the Hilbert space on which N acts then P V Q is the 
orthogonal projection onto PP + QP, while P A Q is the orthogonal 
projection onto PP D QP. 

1.2. If Mh = {m G M | m = m*}, we recall that the spectral 
order (pQ; see also |2j) on Mh is defined by a -< b if the spectral 
projections satisfy 

E(a ; [t, oo)) < E(b ; [t, oo)) 

for all t G M. Clearly this extends to self-adjoint operator affiliated 
with M, since E(a ; [t, oo)) < E(b ; [t, oo)) makes sense also under this 
more general assumption. If a, b G M h then a V b and a A b are defined 
by 

E(a V b ; (t, oo)) = E(a ; (t, oo)) V E(b; (t, oo)) 

and 

E(a A b ; [t, oo)) = E(cr, [t , oo)) A E(b ; [f, oo)). 

These definitions clearly work also more generally for affiliated self- 
adjoint operators. In essence the operators a, b are replaced by the 
right-continuous decreasing family of projections R 3 t —* E(a , (t, oo)) G 
Proj(M) and, respectively, by the left-continuous decreasing family of 
projections R 3 t —*■ E(a; [t , oo)) G Proj(M). 
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1.3. A basic fact underlying free extreme values is the following: 

Lemma 1.1. IfP,Q G Proj(M) are freely independent in ( M,r), then 
t(P V Q) = min(r(P) + r(Q), 1) 

and 

t(P A Q) — max(0, r(P) + t(Q) - 1). 


This is a well-known fact. For references see [2] where this is 
Lemma 2.1 and see [ 12] . [ 13] for computations. Remark that it is 
not necessary to require that r be tracial, since its restrictions to the 
von Neumann algebra generated by two free hcrmitian operators is 
always tracial. 

We also recall from [2j the definitions of extremal free convolutions 
for probability measures on R. If /i is a probability measures on R, 
its distribution function is F(t) = //((—oo, t]). If p and v are prob¬ 
ability measure on R with distribution functions F(t) and G(t), then 
and /i[7\V are defined via their distribution functions H(t) = 
max(0, F(t) + G(t ) — 1) and, respectively, K(t) = min (F(t) + G(t), 1). 
If /i and v are the distributions of a, b G with respect to r, then 
pp\7V and pSJ\\v are the distributions of a V b and a A b. It is also con¬ 
venient to have corresponding operations on distribution functions of 
probability measures on R. If F. G are two such distribution functions, 
then F|~V~ G = (F + G — 1) + and Piffle = min(F + G, 1). 


1.4. We conclude the section of preliminaries by recalling some 
basics about the free A-transform and the partial bi-free A-transform. 

If a G (A, if) is a non-commutative random-variable in a Banach- 
algebra probability space, let G a (z) = — a)' 1 ) be the Green- 

function, or Cauchy-transform of the distribution of a, which is a holo- 
morphic function in a neighborhood of oo G C U {oo} on the Riemann 
sphere. Then K a (z ) dehned in a neighborhood of 0 G C and tak¬ 
ing values in C U {oo} is the inverse of G a , that is K a ( 0) = oo and 
G a (K a (z)) = z. Further R a (z) = K a (z) — z -1 is dehned in a neigh¬ 
borhood of 0. If a and b are free, then R a+ b(z) = R a (z) + Rb(z) in a 
neighborhood of 0. 

If (a, b ) is a two-faced bi-free pair in (^4, ip) we consider 
Ga }b (z, w) = <p{{zl - a) _1 (irl - b)~ l ) 
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defined in a neighborhood of (00,00) G (C U {oo}) 2 . 
partial bi-free 77 -transform of (a, b ) is 


H aib (z,w) 


zw 

G a>b {K a (z), K b (w)) 


The reduced 


defined in a neighborhood of (0,0) G C 2 . If (a, b) and (c,d) are bi-free 
in [A, </?), then 


7^'a+c,&+d(^; IL 1 ) 7?-a,b("; ^) T 7^•c,rf('^, ^) 

in a neighborhood of (0,0) G C 2 (see IBS)- 

If (a, 6) are commuting hermitian operators in a (7*-probability 
space (71, </?), then the joint distribution of (a,b) is given by a prob¬ 
ability measure on M 2 with compact support / i a ,b and 


G a jb(z,w) 



y) 1 d^ a ,b( x , y)- 


The measures p a ,b , Pc,d and p a + c ,b+d when (a, b) and (c, d ) are bi-free 
in [A, (p) are related by additive bi-free convolution 

ha,b EG ha+c,b-\-d- 


2. Two-faced pairs of commuting projections 

In this section we shall compute the bi-free extremal convolution 
in the case of the distributions of commuting projections. This is the 
bi-free generalization of the free probability result in Lemma 1.1. We 
begin with a sequence of lemmas. 


Lemma 2.1. Let {A,p) be a C*-probability space and let P 
P 2 G A and ip(P) = p. Then we have 


Gp(z) 


p 1 — p 

- T ~ l - 

z — 1 z 


z + p — 1 

W 


and 

zKp(Kp — 1) = Kp + p — 1. 


p* _ 


Lemma 2.2. Let (A,ip) be a C*-probability space and let (P,Q) be 
a two-faced pair in A, so that P = P*, Q = Q*, P = P 2 , Q = Q 2 , 
[P , Q\ = 0, p(P) = p, <p(Q) = <L ip(PQ) = r. Then we have: 

(z + p — l)(w + q — 1) + (r — pq ) 
zw(z — l)(w — 1) 


Gp,q(z, w ) 
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Lemma 2.3. Under the same assumptions as in Lemma 2.2, we have: 

zw((K P + p - 1 )(K q + q- 1) + (r - pq)) 


Gp,q(K p ,Kq ) — 


(K P + p-l)(K Q + q-l) 


Lemma 2.4. Under the same assumptions as in Lemma 2.2, we have: 

r — pq 


Kp,q(z,w) = 


(. K P (z) + p- 1 )(K q (w) + q - 1) + r - pq ' 


The proofs of the preceding four lemmata are straightforward com¬ 
putations and will be omitted. 


Lemma 2.5. Let /j be a probability measure on [0,2] 2 C IR 2 and let 


G(z , w) 


x) \w-y) 1 dp(x,y). 


Let further z n G (2, oo) ; w n G (2, oo) be such that z n 2, w n —> 2 as 
n —> oo. TTien rce /lave: 


lim (z n - 2)(w n - 2)G(z n , w n ) = /i({(2,2)}). 


Proof. Let F n (x,y) = (z n - 2)(z n - x) 1 (w n - 2)(w n - y) 1 where 
(x,y) G [0,2] 2 . Then \F n \ < 1 for (x,y) G [0,2] 2 and F n converges 
pointwise to the indicator function of {(2,2)}. By Lebesgue’s domi¬ 
nated convergence theorem we have 

lim /[ F n (x,y)dy(x,y) = ^({(2,2)}) 
n^oo J J 

which is what we wanted to prove. □ 

Lemma 2.6. In a C* -probability space (A,(p) let ( P,Q ) and ( P',Q') 
be bi-free two-faced pairs so that P = P* = P 2 , Q = Q* = Q 2 , P' = 
P'* = P' 2 , Qf = Q'* = Q' 2 , [P, Q] = [P',Q'} = [P,Q '] = [P',Q] = 0 
and ip{P) = p, ip{Q) = q, <p(PQ) = r, <p(P') = p', ip(Q') = q', 
ip(P'Q') = r' and let 6 = r — pq, S' = r' — p'q 1 . Then for (z, w) in some 
neighborhood of (0, 0) G C 2 we have 

Gp + P',Q + Q'(Kp + p>(z), K q+ q>{w)) = 

= zw( 1 - (1 + (T^A'p^) + p- 1 )(K q (w) + q- l))" 1 

- (1 + 8'-\K P ,{z) +p'- 1 )(K q ,(w) + q'- l))- 1 )- 1 . 

In case 5 = 0 we set here (l-\-S~ 1 (K P (z)-\-p—l)(KQ(w)-\-q—l))~ 1 = 0 
and we adopt also a similar rule if 5' = 0. 
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Proof. We have 

Gp+p\Q+Q'(K P+P i(z), Kq + qi(w)) = zw( 1 — TZp + p> t Q + Q'(z, w)) 1 

= zw( 1 - 7 Z PtQ (z, w) 

- T^p',Q'{z, w )) _1 . 

Note that if <5 = 0, P and Q are classically independent, so that 
TZ P q(z,w) = 0 and similarly 7 Z P ' : q>(z,w) = 0 if 5' = 0. On the 
other hand, Lemma 2.4 gives that 7 Z p> q(z, w) — (1 + 5~ 1 (K P (z) + p — 
1)(Kq(w) + q — l)) -1 if 5 0 and a similar fact for 7Zp^q>(z, w). □ 

Lemma 2.7. Under the same assumptions as in Lemma 2.6 we have 
for ( z,w ) in some neighborhood of ( 0,0) G C 2 that 

(K P+P f(z) - 2 )(Kq +Q ’(w) - 2)Gp +P > t Q + Qi(Kp +P r(z), Kq +q/ (w)) 

= (. K P (z ) + Kp,(z) - z- 1 - 2 )(K q (w) + K q ,{w) - w- 1 - 2 ) 

zw( 1 - (1 + 8~ 1 (Kp(z) + p- 1 )(K q (w) + q- l)) -1 

- (1 + 8'-\K P ,{z) + p' - l)(K Q ,(w) + q'- I))- 1 )" 1 , 

this being an equality of holomorphic functions. 

Proof. This follows from the preceding lemma after multiplication 
with 

( K P+P f(z ) - 2 )(K Q+Q fw) - 2) = 

(K P (z) + Kpt(z) - z~ l - 2 ){K q {w) + K q ,(w ) - w~ l - 2). 

Since the conclusion of Lemma 2.6 was actually an equality of germs 
of holomorphic functions near (0, 0) G C 2 it might seem that there 
may be a problem with infinities when z or w is 0. It is easily seen 
looking at the right-hand side that this is not the case since ( Kp(z ) + 
K P i(z ) — z^ 1 — 2)z is holomorphic in a neighborhood of 2 = 0 and 
(Kq(w) + Kq,{w) — w^ 1 — 2)w is holomorphic in a neighborhood of 
w = 0, while 

(1 - (1 + S-\K P (z) +p- 1 )(K q (w) + q - l))” 1 
- (1 + 8'-\Kpfz) +p'- 1 )(K q/ (w) + q' - I))' 1 ) 
is holomorphic in a neighborhood of (0, 0) G C 2 and 0. □ 

Lemma 2.8. Assuming p > 0, q > 0, p' > 0, q' > 0, the equality which 
is the conclusion of Lemma 2.7 for ( z,w ) in a neighborhood of ( 0,0) G 
C 2 extends analytically to ( z,w ) in a neighborhood of [0, oo) 2 C C 2 . 
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Proof. Let t 0 and so be the least upper bounds of the supports of 
the probability measures pp+p' and Pq+q* on M. Then Gp + p>(z) on 
(t 0 , oo] and Gq + q>(w) on (s 0 , oo] are strictly decreasing taking the val¬ 
ues [0, oo) so that Kp + p/(z ) and Kq + q>(w) have analytic continuations 
along [ 0 , oo) to a neighborhood of [ 0 , oo) (the functions are viewed as 
taking values in the Riemann sphere C U {oo}). This implies the ana¬ 
lytic extension of 

zw(K P (z) + Kpi(z) - z _1 - 2 )(K q (w) + K q ,(w) - in -1 - 2 ) 

= zw(K P+pi (z) - 2 )(K q+ q,(w) - 2) 

as a holomorphic function, taking values in C, to a neighborhood of 
[0, oo ) 2 C C 2 . On the other hand, similarly, since p > 0, p' > 0, q > 0, 
q 1 > 0 the functions K P (z), K P >(z), Kq(w), Kq>(w) have analytic 
continuations to a neighborhood of [0, oo) taking values for z,w G 
[0, oo) in (1, oo]. If z, w e [0, oo), (1 + 5~ 1 (K P (z ) +p — 1 )(Kq(w) + q — 
1 )) _1 is well-dehned when S f 0 since (K P (z) + p — 1 )(Kq(w) + q — l) > 
pq> 0 while either h _1 > 0 or 0 > <5 -1 > — p~ l q~ l so that the quantity 
to be inverted is > 0. Similar reasoning takes care of the term involving 
S'. From [0, oo ) 2 the extension goes over to a neighborhood. 

For the analytic extension of 

Gp+P>,Q+Q> (. Kp + p> (. z),K Q+Q' (w)) 

it suffices to remark that Gp + p' t Q + Q/(z, w) is analytic in a neighborhood 
of (t 0 , oo] x (s 0 ,oo] C (CU {oo }) 2 and K P+P >(z), K Q+Q >(w ) on [0, oo) 
take values in (t 0 ,oo] and (so,oo], respectively. That 

(1 - (1 + 5~ 1 (K P (z ) +p- 1 )(Kq(w) + q- 1 )) _1 
- (1 + 8'-\K P ,(z) +p'- 1 )(K q ,(w) + q' - I))' 1 ) 

is 7 ^ 0 for (z, w) G [0, oo ) 2 follows from the fact the left-hand side is 
finite and 

zw(K P (z ) + K P f(z) - z _1 - 2 )(K q (w) + Kq,(w) - w~ l - 2) 

= zw(K P+P ,(z ) - 2 )(K q+qi (w) -2)^0. 

□ 

Lemma 2.9. If (A,ip) is a W* -probability space and P = P* = P 2 G 
A, P' = P'* = P' 2 G A then P A P' = E(P + P' , {2}). 


The preceding lemma is a well-known fact. 
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Lemma 2.10. Let (A,(p) be a W*-probability space. Then under the 
assumptions of Lemma 2.6, ifp + p' — 1 > 0 and q + qf — 1 > 0 we have 

p{{PAP’){QAQ')) 

— ip + p' - i )(q + q - i)(i - (l + d~ l pqy l - (l + ^"W)" 1 )" 1 . 

Here in case 6 = 0 we set (1 + d^pq) -1 = 0 and adopt a similar 
rule if 5' = 0. In case p + p' — 1 < 0 or q — q' — 1 < 0 we have 
<p((PAP')(QAQ')) = 0. 

Proof. As recorded in Lemma 1.1, we have 

<P(P A P') = (P + P ~ 1)+, <P(Q A O') = (q + q’ ~ 1)+ 

after observing that P and P' being free, the restriction of ip to the 
algebra generated by P and P' is a trace and a similar fact for Q 
and Qf. Clearly, if <p(P A P') = 0 or ip(Q A Q') = 0, we must have 
also <p((P A P')(Q A Q ')) = 0 since [P A P', Q A Q'] = 0 and 0 < 
(P A P')(Q A Q') < P A P'. Thus we are left with proving the lemma 
when p + p' — 1 >0 and q + qf — 1 > 0. 

Thus Pp+p'Y 2}) = p + p' - 1 > 0, Pq+q'Y^}) = q + q' - 1 > 0 and 
supp Upppi C [0,2], supp t L Q+Q' C [0,2], By considerations along the 
lines in the proof of Lemma 2.8, if t n G (0, oo), t n f oo then Kp{t n ) f 1, 
Kp'(t n ) f 1, K Q (t n ) | 1, K Qr (t n ) f 1, Kp + pi(t n ) l 2, KQ + Q>(t n ) f 2. 
Taking z — w — t n in the equality in Lemma 2.7 extended according 
to Lemma 2.8, we get that the limit of the left-hand side in view of 
Lemma 2.5 is 

»p+p>, Q+ q>({( 2,2)}) = <p(E(P + P', {2 })E{Q + Qf {2})) 

= Y(pap')(Qaq')). 

On the other hand, 

(■ K P (t n ) + K P ft n ) - t~ l - 2 )t n 
= (. K P (t n ) - 1 )t n + {Kpftn) - 1 )t n - 1 
= G p(K P (t n ))(K P (t n ) — 1) + Gp'(K P i(t n ))(Kp'(t n ) — 1) — 1 

and this converges as n —> oo, by the simpler analogue of Lemma 2.5 
for Cauchy transforms in one variable, to p+p' — 1. Similarly (Kq(t n ) + 
Kqi (t n j — tf 1 — 2 )t n converges to q + q' — 1. On the other hand 

(1 — (1 + h l {Kp{t n ) + p — l){Kq(t n ) + q — 1)) 1 

— (1 + A 1 (Kp>(t n ) + p' — l)(Kqi(t n ) + q' — 1)) x ) 

converges to (1 — (1 + 5~ l pq)— (1 + 6'^ l p'q')) no matter whether 5 
and 5' are ^ 0 or = 0. □ 
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The last lemma after some simple algebraic work on the formulae 
will give the final result of the computations in this section, which we 
record as a theorem. 


Theorem 2.1. Let (A, <p) be a W*-probability space and let P = P* = 
P 2 e A, Q = Q* = Q 2 e A, P' = P'* = P’ 2 e A, Q' = Q'* = Q' 2 e A 
be such that [P,Q} = 0, [P',Q] = [P,Q'] = 0, [P' ; Q’] = 0 and (P,Q) 
and (P', Q') are bi-free in {A, p). Then we have p(P A P') = (p(P) + 
p(P') - 1)+, P>{Q A Q') = (p(Q) + p(Q') - 1)+ and if tp(P A P') > 0, 
ip(Q A Q') > 0, cp(PQ) > 0, ip(P'Q') > 0 then we have 

v(PAP'MQAQ') <p(P)<p(Q) <p(P'MQ') 

<p((P a P')(Q A Q')) <p(PQ) tp(P'Q') 

If any of the numbers ip(P A P'), (p(QAQ'), (p(PQ), ip(P'Q') is 0, then 
<p((PAP’)(QAQ')) = 0. 


Proof. The formulae for (p(P A P'), ip(Q A Q ') are not new (see 
Lemma 1.1) and it is obvious that if any of ip(P A P'), (p(Q A Q'), 
<p(PQ) ip(P'Q') is 0, then so is <p((P A P'){Q A Q ')). Thus using the 
notation ip(P) = p, ip(P') = pf ip(Q) = q, <p(Q') = q', <p(PQ) = r, 
<p{P'Q') = r' which we used in the lemmata, we may assume p+p' > 1, 
q + q' > 1, r > 0, r' > 0. Turning to the result of Lemma 2.10, remark 
that if 6 = r — pq 0 then 

(1 + = 6(6 + pq) 1 = (r — pq)r~ L = 1 — pqr -1 . 

If d = 0, then r = pq and 1 — pqr^ 1 = 0 which is in agreement with the 
rule that (1 + 8~ l pq)~ l is 0 if 5 = 0. A similar remark about 5'. Hence 
the right-hand side of the formula in Lemma 2.10 is 

ip(P A P')ip(Q A Q^ipqr -1 + p'q'r ' _1 — l)' 1 


so that the formula gives 


p(pap'Mqaq') 

<p({PAP'){QAQ’)) 


= pqr 1 + p'q'r' 1 


1 


p(PMQ) p(P'MQ') 
<p(PQ) v(P’Q') 


□ 


3. Bi-free max-convolution in the plane 

In this section (A, <p) will be a von Neumann algebra with a normal 
state cp. If (a, b ) is a bi-partite hermitian two-faced pair in (^4, p), that 
is a pair of commuting hermitian operators a,b G A, let E(a,b',ui) 
denote its spectral measure where to C M 2 is a Borcl set and let 
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Ha,b{w) = (p(E(a,b;u)) be the probability measure on M 2 which is the 
distribution of (a, b). Let further F ab (s,t ) = p a ,b((~ oo, s] x (— oo,t}) 
be the distribution function of the measure /j, a>b . We recall that such 
functions F(s,t) are such that si < s 2 , t\ < t 2 =>• F(si,ti) < F(s 2 ,t 2 ), 
s n i s 0 , t n i t 0 ^ F(s n ,t n ) i F(s 0 ,t 0 ) as n -l oo and si < s 2 , 
ti < t 2 F(s 2 ,t 2 ) - F(si,t 2 ) - F(s 2 ,ti) + F(si,ti) > 0. Moreover, 
since this is the distribution function of a probability measure with 
compact support, we have 0 < F(s, t) < 1 and there is C > 0 so 
that F(s,t ) = 0 if min(s, £) < —C and F(s,t ) = 1 if min(s,£) > C. 
If we want to deal with probability measures without a condition of 
compact support, we will require that F be defined on [—oo, oo) 2 and 
satisfy F(s,t) = 0 if min(s,t) = —oo and lim F(n,n ) = 1. 

nf+oo 

If (a, b ) and (a', b') are bi-free bi-partite hcrmitian pairs, it’s always 
possible to find a realization in a von Neumann algebra {A, <p) of the 
joint distribution so that [a, b'} = [a', b\ = 0. Note further that the joint 
distribution of (a V a', b V b') does not depend on the realization, but 
only on the distributions n a ^ b , since 

E{a V a 1 , b V 6'; (—oo, s] x (—oo, t]) 

= E(a V a'] (—oo, s])E(b V b'; (—oo, £]) 

= (E(a; (—oo, s]) A E(a! (—oo, s]))(^(6; (—oo, t]) A E{b'\ (—oo, £])) 

and < p(E(a V a', 6 V 6'; (—oo, s] x (—oo, £])) can be computed using the 
results in Section 2 from the distributions of the bi-free two-faced pairs 
(E(a] (—oo, s], E(b ; (—oo, £])) and ( E(a (—oo, s]), E{b/\ (—oo, £])). 


Definition 3.1. If F and G are distribution functions of probability 
measures with compact support on M 2 we define their bi-free max- 
convolution or alternatively also called bi-free upper extremal convo¬ 
lution Ft = F V | V G to be such that if Fj, Gj , Hj (j = 1, 2) are their 
distribution function marginals we have Hj = F ? p\/~|G ? - (j = 1,2) and 


HijsWti _ F 1 (s)F 2 (t) Gi(g)G 2 (f) 

H(s,t ) F(s,t ) G(s,t ) 


if F(s,t ) > 0, G(s,t ) > 0, ^(s) > 0, £L 2 (£) > 0 and H(s,t) = 0 
otherwise. 

That the above gives a well-defined distribution function of a proba¬ 
bility measure with compact support is a consequence of the discussion 
preceding the definition and of Theorem 2.1. Note also that to see 
that the distribution function of a A a' is given by F a {V]F a t it is not 
necessary to assume a and a 1 are in a tracial IL*-probability space, 
since the restriction of ip to the weak closure of the ^-algebra generated 
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by {I, a, a'} will be a tracial normal state. In essence, _V__V_ gives the 
distribution of (aVa', 6 V b') in the realizations of the joint distributions 
of (a, a') and ( b , b ') where the commutations [a, b'} = [a', 6] = 0 hold. 

The further remark is that actually a, b, a', b' only appear here via 
their spectral scales E(a ; (—oo,£]) etc. and thus the operations extend 
to affiliated unbounded self-adjoint operators and distributions of any 
probability measures on R 2 . 

Having defined 


V V 


we can now define bi-free max-stable and 
bi-free max-inhnitely divisible laws on R 2 . 


Definition 3.2. A distribution function A of a probability measure on 
R 2 is bi-freely max-stable if there are a n , b n . c n , d n £ R, a n > 0, c n > 0 
so that 


(F| V | V [F| V V |A| V V|... F)(a n x + b n , c n y + d n ) -A F(x, y) 


n-fold 


as n —> oo. 


Definition 3.3. A distribution function F of a probability measure 
on R 2 is bi-freely max-inhnitely-divisible if for each n £ N there is a 
distribution function F n so that 


F n V V F n V V ... F n 

S. 


n-fold 


F. 


Remark 3.1. The definitions in this section show that, in the simplest 
bi-free case of bi-partite hermitian two-faced pairs that have distribu¬ 
tions given by probability measures on R 2 , the basic extreme value 
questions about bi-free max-stable and bi-free max-inhnitely are trans¬ 
formed by the operation V V into “classical” questions. Clearly these 


questions are more difficult than univariate free extreme value ques¬ 
tions (0.0)- It is a natural question whether like in [2j, where free 
max-stable laws were related to classical “peaks over thresholds”, the 
“classical” questions to which bi-free extremes laws lead in this simplest 
case are also related to some classical extremes questions (0!. BE 
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